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ABSTRACT 

We  study  the  eigenvalue  problem 

2 

C -u"  = Xg(x,u,u'),  x e ]a,b[,  u e C [a,b] , X > XQ 
(PK  u(a)  - cu'  (a)  = 0,  c,d  >_  0 
1 u(b)  + du' <b)  = 0 . 


J S.i  lev:"! 


PV 
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We  investigate  the  continuation  and  the  asymptotic  behaviour  as  X -*■  °°  of  positive 
and  concave  solutions  of  (P)  . In  the  autonomous  case  we  show  that  every  positive  and 
concave  solution  (X,u)  can  be  continued.  Concerning  the  asymptotic  behaviour  we  show 
that  the  positive  and  concave  solutions  converge  to  a solution  u f 0 of  g(x,u,u')  = 0, 
if  they  are  uniformly  bounded  in  C[a,b]  . In  the  autonomous  case  the  limit  u is  unique. 
The  boundary  conditions  satisfied  by  u are  also  discussed. 


AMS(MOS)  Subject  Classification  - 34B15,  34E15 

Key  Words  - Two  point  nonlinear  eigenvalue  problems,  concavity,  singular  perturbations, 
continuation. 

Work  Unit  Number  1 - Applied  Analysis 

EXPLANATION 


Physical  problems  often  lead  to  second  order  nonlinear  boundary  value  problems 
where  a parameter  X is  involved  (for  example  X is  the  temperature  or  the  energy) . In 
this  paper,  we  prove  that  under  suitable  conditions  on  the  nonlinearity  there  must  be 
positive  and  concave  solutions  for  every  X bigger  than  some  X^  . Moreover  these  solu- 
tions converge  to  a unique  limiting  function. 
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ON  THE  STRUCTURE  OF  CONTINUA  OF  POSITIVE  AND  CONCAVE 
SOLUTIONS  FOR  TWOPOINT  NONLINEAR  EIGENVALUE  PROBLEMS 


Ph.  Clement  and  I.  B.  Earner th 


I.  Introduction 

In  this  paper  we  consider  the  following  two  point  eigenvalue  problem: 

2 

r -u“  ■ Xg(x,u,u'),  x e ]a,bt,  u e C [a,b] 

(P)  I u(a)  - cu'  (a)  « 0,  c,d  0 , 

^u(b)  + du'  (b)  - 0 , 

where  g is  given.  We  shall  consider  two  cases  (forced  and  bifurcation  case),  i.e. 


A.  (Hi)  gtC([a,b]Xl  ),  (H2)  g(x,0,0)  >0,  xe  [a,b] 

2 

B.  (HI)  g(x,u,v)  = f(x,u,v)u,  f e C([a,b]  X R ) , 

(H2)  f (x,0,0)  >0,  x £ [a,b]  . 


In  both  cases  under  the  assumptions  (HI)  and  (H2)  it  is  known  [5,10],  that  there  exist  two 

2 

maximal  continua  of  positive  (resp.  negative)  solutions  of  (P)  in  R X c [a,b] , un- 
bounded in  RXc1[a,b]  such  that  their  intersection  is  (0,0)  or  (X  ,0) , where  X^^  in 
the  bifurcation  case  is  the  first  positive  eigenvalue  of  the  linearized  problem  at  the 
origin.  In  what  follows,  we  shall  restrict  ourselves  to.  the  continuum  of  positive  solu- 
tions, denoted  by  C * since  the  same  arguments  can  be  applied  to  the  negati'  * -tions. 
Observe  that  if  (X,u)  € C # then  X ^ 0 . 

The  aim  of  this  paper  is  to  study  the  asymptotic  behaviour  of  C as  X tends  to  <*> 
and  the  continuation  of  solutions  in  C . We  do  this  under  the  assumption,  which  we  call 
condition  (*) , that  every  solution  of  C is  not  only  positive,  but  concave.  It  must  be 
noted  that  condition  (*)  is  satisfied  in  the  interesting  case,  where  g(x,u,v)  - 
s(x)  h^fv)  h2(u),  s > 0 . (See  example  V.6).  However  in  the  general  case  it  can  be 
violated.  (See  Section  IV,  counterexample) . 

Our  main  results  are  stated  in  Theorems  IV. 3 and  IV.  5,  where  sufficient  conditions 
on  g are  given  to  insure  condition  (*),  in  Theorem  II. 1,  IV. 6,  IV. 7,  and  IV. 8 where  the 
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asymptotic  behaviour  of  C is  studied  and  in  Theorem  III. 2,  where  the  continuation  is  in- 
vestigated. He  apply  those  theorems  to  exaaqples  in  Section  V, 

Concerning  the  asymptotic  behaviour  of  £ several  possibilities  occur.  If  X is 
bounded,  there  is  bifurcation  from  infinity,  see  [11],  which  we  do  not  discuss.  Other- 
wise the  interesting  case  is  where  u is  bounded  and  X tends  to  infinity.  This  leads 
to  the  singular  perturbation  problem 


-eu"  - g(x,u,u') 

u(a)  - cu‘  (a)  = 0,  c,d  0 

u(b)  + du’  (b)  = 0 . 


In  Theorem  II. 1 we  only  assume  a bound  on  u but  not  on  u'  and  we  get  the  existence  of 
a positive  concave  solution  u / 0 of  the  reduced  equation  g(x,u,u')  *=  0 which  is  an 
asymptotic  solution  to  the  solutions  in  Z • u does  not  necessarily  satisfy  the  boundary 
conditions.  It  must  be  noted  that  the  derivative  of  u is  not  continuous  on  ]a,b[  in 
most  cases.  It  will  be  clear  from  the  examples  given  in  Section  V and  Theorem  I how  our 
results  can  be  applied. 

A similar  approach  for  the  study  of  the  asymptotic  behaviour  of  (J  is  X -*•  <*>  is 
done  in  [7],  where  a specific  differential  equation  involving  a delay  is  treated.  How- 
ever in  [7]  the  existence  of  solutions  for  small  E is  proved  by  the  method  of  monotone 
iterations  and  the  convergence  to  a limit  is  proved  by  Laplace's  method.  With  a slight 
modification  that  problem  can  be  treated  also  in  our  framework.  We  did  not  find  a similar 
approach  in  the  literature.  w 

In  Theorem  III. 2 we  prove  that  if  in  (P)  g does  not  depend  on  x and  is  con- 
tinuously differentiable  (autonomous  case) , then  each  positive  concave  solution  can  be 
continued  locally.  In  particular  if  condition  (*)  is  satisfied,  C is  a curve,  hence 
there  is  no  secondary  bifurcation.  In  [3]  a result  of  the  same  nature  is  proved  for  the 
equation  f (u,u' ,u")  = Xu  with  Dirichlet  boundary  conditions  only. 

2 

(In  [3],  the  following  corrections  have  to  be  made.  Read  » x C [a,b]  instead 

2-fk 

of  » x C [a,b]  in  the  statements  of  Theorems  I and  I'.  Set  K = 0 in  the  proofs.) 

On  the  other  hand  we  use  Theorem  III. 2 in  Corollary  IV. 4 to  establish  condition  (*)  , 


2- 


and  in  Theorem  IV. 8 to  prove  the  uniqueness  of  E asymptotic  solutions,  in  the  autonomous 


l 


case. 

Several  authors  11,8,12]  have  used  continuation  arguments  for  this  problem,  but  our 
case  is  not  covered  by  their  results. 


Theorem  I.  Let  the  problem 


-u"  = Xf(u,u')u  , 

(1.1)  ^ u(a)  - cu’ (a)  = 0,  c,d  0 

^u(b)  + du' (b)  = 0 , 

1 2 

with  a)  f e C (R  ) , 

b)  f(0,0)  > 0 , 

c)  fu(u,u' ) < 0 , 

d)  3 v2  < 0 < Vj  such  that  f(0,v2)  = 

f(0,v1>  = 0,  where  v^^  (resp.  v2>  is 
the  first  positive  (resp.  negative)  zero  of 


f fn.v) 


Then  1°  C is  a C^-manifold  in  R XC2Ia,b]  and  ProjR  C 3 “I  ' 

2®  there  exists  u e C [a,b] , u >0  on  ]a,b[  and  concave  such  that 

f(u(x),  u;(x))  =0,  x e [a,b]  u(a)  = o0,  u (b)  = 

and  lim  max  | u (x)  - u (x)  | =0  , 

Vt“  x e Ia,b] 

(X,u)  € C 

lim  |u’(x)  - u’(x)|  =0  for  every 

X-t» 

(X,u)  e C 

point  of  continuity  of  u’ (x)  where  aQ  = 0 if  c = 0 and 

o = sup{a|  f (a,tc-1a)  >0,  t e [0.1]}  if  c > 0 , 
ai  = 0 if  d = 0 and 

ax  - sup{a|f(a,t  d"1  a)  > 0,  te  t - 1,0])  if  d > 0 . 

3®  Moreover  if  c > 0 (resp.  d > 0)  and  ex  (resp..  o ) is  the  first  positive 


u(a)  - cu'  (a)  = 0 


aero  of  f(a,c  ^a)  (resp.  of  f(a,d  1a) ) then 
(resp.  u(b)  - du'(b))  = 0 . 

The  proof  is  a straightforward  application  of  our  theorems.  From  (b)  and  (c)  one  easily 
checks  that  the  condition  (c2)  following  Theorem  IV. 3 is  satisfied,  thus  Corollary  IV. 4 
can  be  applied.  Theorem  III. 2 gives  the  first  assertion  of  1#  , Corollary  IV. 4 again 
together  with  (d)  provide  a bound  in  C*  for  the  solutions  belonging  to  C * therefore 
from  the  alternative  of  Rabinowitz's  Theorem  Proj^C  IX«“1  which  completes  (1). 

Now  Theorem  II. 1,  IV. 7 and  IV. 8 give  2°  . Theorem  IV. 6 proves  3°. 

Remark  I ■ 1 . It  follows  from  our  theory  that  if  f satisfies  (a) , (b) , (d)  and  for 

every  v^  < v < v^  f(-,v)  and  f(»,v)  have  the  same  first  positive  zeros,  then 
all  the  conclusions  of  Theorem  I hold  with  the  same  u . 

Remark  1.2.  It  also  follows  from  our  theory,  that  if  in  problem  (1.1)  we  replace 

f(u,u')u  by  f(u,u')  as  above  (forced  case)  the  same  conclusions  hold  again  with 
the  only  difference  that  Proj  <3  = [0,  ro[  . 

Notations;  Throughout  this  paper  we  shall  use  the  following,  notations:  )a,b[  is  an 

Jc  ( k ) 

open  interval.  For  u £ C (a, 61  we  use  u . 0.  :=  max  . lu  (x)(  • If  la, 6]  = fa,bl  we 

K - l Ct , p J X£  l Ct , p J 

shall  drop  the  index  (a, (5)  . Wm,PIa,fS]  are  the  usual  Sobolev  spaces.  AC[a,8)  = W ’ (a,BJ , 

H^la.B]  = W1,2[a,&)  . u is  called  positive  on  ]a,b[  if  u(x)  >0,  x e )a,bf  . u is 

called  decreasing  if  it  is  nonincreasing.  u|  (x)  denotes  the  right  (resp.  left)  derivative 

of  x if  it  exists.  u(x±)  denotes  the  right  (resp.  left)  limit  of  u at  x if  it 

2 i 

exists.  By  a curve  in  R X C [a,b]  we  mean  a C one-dimensional  manifold  in 
*t  x c2Ia,b]  . Proj  C :•=  (X  £ R | (X,u)  e C | } - 

It 
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II.  Asymptotic  behaviour 
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I 

l 

I 

f 


f 


i 


In  this  section  we  shall  use  the  following  notations: 

I [a,b] , ]a,b]  , [a,b(,  ]a,b[ 

E(I)  :*=  {u  « c (I)  | u _>  0,  u concave} 

Let  (u  ) c Ed)  n C^(I)  and  u e E(I)  . We  shall  say  that  u converges 

n n c IN  n 

to  u in  E(I)  if 

a)  lim  |u  - u|  . - “0  for  every  compact  interval  K c I 

n-c  ® n AC  lKJ 

b)  there  exists  v decreasing  on  I such  that  u'  (x)  -*•  v(x)  , x e I . 


Theorem  II. 1.  Let  (HI)  and  (H2)  be  satisfied.  Let  (X  ,u  ) _ be  a sequence  of 

n n n £ IN  3 

positive  and  concave  solutions  of  (P) . Let  M > 0 such  that 

a)  X -*•  « as  n ■*  «•  , 

n — 

b)  I u L < M for  every  n . 

' n'0—  — 

Then  there  exists  u positive  and  concave  on  ]a,b[  satisfying 

1)  g(x,  u(x)  , u^(x))  =0,  x £ ]a,b[  , 

2)  g(x,u(x)  , u'  (x))  =0 


and  there  exists  a subsequence 
in  E(]a,b[)  . 

If  moreover 


UnA 

k 


£ IN 


such  that  (u  ), 
nfc  k £ IN 


converges  to  u 


c)  u'  (a)  < M 
n — 

then  u belongs  to  E([a,b[),  g(a,u(a)  , u^(a))  - 0 and  (un  )fc  m converges  to  u 

"k 

in  E((a,b[)  . 


Remarks  II. 1. 

a)  In  the  bifurcation  case  <g(x,u,u')  = f(x,u,u')u  obviously  f(x,u(x),  u^(x))  = 0 , 
x £ ]a,bl  . 

b)  In  the  case  where  condition  c)  holds,  since  u £ C([a,b[),  u satisfies  the  boundary 
condition  u(a)  = 0 when  c = 0 . However  if  c > 0,  the  boundary  condition  is  not 
necessarily  preserved.  For  a detailed  discussion  see  Theorems  IV. 6 and  IV. 7. 

c)  If  condition  (c)  is  replaced  by  u' (b)  _>  -M  , E((a,b[)  has  to  be  replaced  by 

E(]a,b])  in  the  conclusions. 
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d)  In  the  case,  where  lu^  < M (respectively  |u|Q  < M when  g does  not  depend  on  u'). 
Condition  (a)  is  automatically  satisfied, 

e)  When  g depends  on  u'  it  can  happen  that  |u  is  unbounded  and  nevertheless 
conditions  (a)  and  (b)  are  satisfied.  Therefore,  even  if  the  bifurcation  diagram  in 
R X C*(a,b]  would  suggest  the  absence  of  a limiting  function,  a limit  still  exists 
in  the  sense  of  Theorem  (II. 1).  For  an  example  see  Section  V. 

f)  In  order  to  apply  Theorem  II. 1 to  a concrete  case,  a bound  on  the  solutions  has  to  be 
found.  This  question  as  well  as  condition  (*)  will  be  discussed  in  Section  IV. 

Proof  of  Theorem  II. 1.  The  proof  is  done  in  these  steps.  First  we  prove  that  there 

exists  a subsequence  (u  ) , such,  that  g(x,u  ,u'  ) ■*  0 a.e.  Then  using 

n,  * n,  n, 

k k k 

Theorem  A,  Appendix  we  extract  a subsequence,  still  denoted  by  u , converging  to  some 
_ nk 

u in  am  appropriate  sense,  which  will  imply  that  g(x,u,u')  = 0 . Finally  we  show  that 

u ? 0 (which  in  the  forced  case  is  obvious).  As  it  will  be  clear  from  the  proof,  the 

concavity  of  u^  plays  an  essential  role  in  each  step. 

Let  assumptions  (a)  and  (b)  be  satisfied,  i.e.  X^  -*•  “ and  Iu„Iq  i 

n ■ 1,2,...  . In  this  case  we  denote  by  I the  open  interval  ]a,b[  . If  moreover 

assumption  (c)  holds,  i.e.  u' (a)  < M,  then  I :=  (a,b(  . Similarly  if ''u'(b)  > -M  then 

n — n 

I :=  ]a,b],  if  u' (a)  < M and  u' (b)  > -M  then  I :=  (a,b)  . This  enables  us  to  treat 
n — n — 

all  cases  at  the  same  time.  By  K :=  [a, (31  we  denote  any  closed  subinterval  of  I . 

We  claim  that  there  exists  M(K)  such  that 

(II. 1)  ' |u  L „ < M(K). 

n l $ ^ 

Indeed  we  have  -uMx)  ^ 0 since  is  concave.  being  decreasing 

|u  | K **  max{|u'  (a)  | , |u'(8)|)  • Assume  |u'  (a)  | is  unbounded.  By  the  definition  of 

n n n n 

I it  follows  that  a jt  a . If  some  subsequence  u'  (a)  -*•+“>,  then  we  have  u'  (x)  ■+  +*> 

a nk  "k 

for  a < x < a,  hence  u (a)  * / u'  (x)dx  + u (a)  •*  + “>  in  contradiction  to  (b)  . The 
- - n a "k  n 

other  cases  are  similar. 

(i)  There  exists  a subsequence  (u  ).  such  that  g(x,u  ,u'  ) -*•  0 a.e.  on 

3 n.  k t 1 n,  n,  — 

k k k 

ta,b]  . By  (II. 1)  and  the  fact  that  -u"(x)  > 0 we  have  < M(K)  . Bence 

n “ n l iK) 

|g(»  »un,Un)  I L*(K)  0 since  ■*  "°  and  < C j • Choose  Kj  ck?  c ...  c I 
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One  completes  the  proof  by  extracting  successive  subsequences 


such  that  UK  = I . 

m 

converging  a.e.  on  K 

in 

(ii)  There  exist  u £ E(I)  and  a subsequence,  still  denoted  by  u^  , converging  to  u 

in  E(I)  . Let  K be  as  before.  On  each  K we  have  by  (1 1.1)  |u  I „ < M(K  ) 

id  m n 1 f*'  in 

0) 

and  lunlg  k — M ' Fro,n  proposition  A.  Appendix  we  have  that  there  exist 
* m 

u e E (K  ) decreasing  and  a subsequence  u such  that 
m m 

lUnk  ' “Ja CIKJ  + ° ' 


U*  (x)  -*■  V (x)  , X £ K 
in  in 

V (x~)  = u’  (x)  . X £ K 
m mi  m 


One  completes  the  proof  as  in  (i)  by  defining  u and  v by  uk  = u , v|k  = v . 

mm  m 

Observe  that  u £ Ed)  . 

ii)  g(x,u,uj)  =0,  x £ I and  u > 0 . By  (HI),  (i)  and  (ii)  g(x,u,u’)  = 0 a.e.  on  I 
From  the  continuity  of  g and  the  Appendix  we  get  g(x,u(x),  u| (x) ) =0,  x £ I . 
Since  u is  concave  on  ]a,b[  it  is  sufficient  to  prove  that  u ^ 0,  and  hence 
u > 0 on  ]a,b[  in  the  bifurcation  case.  (In  the  forced  case  u f 0 is  obvious 
since  f(x,0,0)  > 0)  . To  do  that  we  use  the  following. 

Leirnia:  Let  p,p,q  £ C(a,b]  satisfying 

a)  p (x)  >0,  x e [a,b]  , 

b)  p,q  concave,  / 0,  p(a)  , p(b)  , q(a)  , q(b)  ^ 0 . 


Then 


b p<%)  q(x) j, 

f p( t)  p(t)  q(t)dt  — V 


x £ [a,b]  , 


where 


<Mx) 


Proof:  We  have 


P(x)  > 


-1 

0, (a,b) 

(b-a)'3 

(x-a) 

-3 

0,  [a.bl 

(b-a) 

(x-b) 

, x £ (a,C)  , 


a+b. 


.a+b 
l 2 » 


for  any  C « )a,b[  • Similarly  for  q . Choose  X such  that  p(£)  q(£)  *■  |pq  | , 

u# ia,Dj 

Clearly  £ a,b  . Hence 


P(x)  q(x) 
b 

/ p(t)  P(t)q(t)dt 

a 


> 


la,b] 


1 

(b-a) 


IpI 


-1 

0, [a,b] 


1 

(b-a) 


p (0  q(£)  \C-«/ 

ff  a&  „ « ,r.b, 

P(5l  <!({)  U ' / 


which  completes  the  proof  of  the  lemna. 

Let  h^  be  the  eigenfunction  corresponding  to  of  the  linearized  problem  at 

the  origin,  which  we  choose  to  be  positive.  From  (P)  we  get 


e 


k ‘ 


b 

/ f(x,u  ,u 1 ) 
a k nk 


u h,  dx 
nk  1 


b 

/ f (x,0,0) 

a 


u h,  dx 
"k  1 


By  the  previous  lemma  and  condition  (*)  we  have 

e 

0 < J f(x,u  ,u’  ) <|i(x)dx  < G 
“ o "k  ”k  “ k 


where  [a, 8]  c I . Assume  u = 0 . Then  we  have 


u ■*  0 on  lot, 81 
"k 

u'  0 a.e.  on  [a, 81  (even  everywhere) 
"k 


Ivji.io.ei  - 


By  (HI)  and  Lebesgue's  dominated  convergence  theorem  we  get 

j f (x,0,0)  t|i(x)dx  = 0 
a 


which  contradicts  (H2)  since  t|)(x)  >0  on  )a,b[  . 
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.and  a C'-map  s -*■  (X(s),  u(s)),  s £ ) -1 . 1 [ from  ]-l,l[  into  R X c2[a,b)  such  that 

(a)  (X (0) , u (0) ) = <X0,u0) 

(b)  (X(s),  u ( s ) ) satisfies  problem  (III.l)  for  s e )-l,l[  and  in  there  are 
no  other  solutions  of  (III.l) 

* 1 

Remarks  III. 

(a)  Obviously  u^  is  concave  on  [a,b]  and  different  from  zero,  hence  positive  on  ]a,b[ 
by  the  boundary  conditions.  Moreover  observe  that  u^fa)  and  u^  (b)  are  different  from 
zero  by  using  again  the  concavity  of  u^,  the  boundary  conditions  and  u^  f 0 . 

(b)  Theorem  III. 2 can  be  applied  to  the  investigation  of  the  structure  of  C of  problem 

1 2 

(P) , i.e.  if  (HI)  is  replaced  by  the  stronger  assumption  (H'l):  g c C (R  ) and  g does 
not  depend  on  x and  condition  (H2)  and  (*)  are  satisfied,  then  C is  a curve  in 
R X C2[a,b]  . 

2 

Proof  of  Theorem  III. 2.  Let  E :=  {u  e c [a,b] | u(a)  - cu’ (a)  = 0,  u(b)  + du' (b)  = 0}  , 

1 

E2  :=;c  la,bl  , 

Let  F:  R X + Ej  be  defined  by 

F(X,u) (x)  :=  u"(x)  + Xg (u,u ' ) (x)  . 

Then  (III.l)  is  equivalent  to  the  equation  F(X,u)  = 0 for  which  we  know  a solution 
(X. ,u  ) . Remark  that  F e C1(R  X E ,E  ) , d F(X  ,u  ) is  Fredholm  of  index  0 and 

0 0 1 2 U U U 

dim  N(du  F(X0,uq))  <_  1 . If  dim  N(du  F(^0>u0^  = 0 we  are  done  by  the  implicit  function 
theorem.  In  the  case  dim  Nfd^  F^g,uo^  = by  Theorem  3.2  of  (6)  it  is  sufficient 
to  show  that 

(III . 2)  dx  F(X0.u0)  <t  R(du  F(X0.u0))  . 
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f 


We  claim  that  (III. 2)  is  equivalent  to  the  condition 


(III. 3) 


where 


and 


/ r (x)  g (u,u ’ ) (x)  h(x)dx  j 0 


r(x)  s»  exp{ / XQ  g , (u,u' ) (t)dt)  > 0 


K € lN(du  F(X0,u0)),  h * 0 


Indeed  g £ R(d  F(X  ,u„))  is  equivalent  to 
u 0 0 


(III. 4) 


(rh0>’  + V WW*9 


for  some  h^  e . It  is  well  known  that  (III. 4)  can  be  solved  iff  J r 9 h dx  = 0 since 

a 

<rh')'  + XQ  gfc  9u(uQ/U^)h  = 0 

k 

r 2 


(a)  >0,  / h (x)dx  =1,  h £ . 


The  proof  will  be  complete  if  we  show  that  h(x)  ^ 0 on  ]a,b[  . Let  v = u'  . v sat- 
isfies 


(III. 5) 


V"  + *0  gu(U0,U0)V  + 9u,(U0,U0>V'  = ° 


since  u £ C [a,b]  . Observe  that  v(a)  / 0 and  the  zeroes  of  v are  simple,  since 
u / 0,  g £ and  from  the  boundary  conditions.  Since  u is  concave  and  by  the  pre- 
vious remark,  v has  exactly  one  zero  on  ]a,bl,  hence  by  remark  I I I. a exactly  one  zero 
in  [a,b]  . 

Now  observe  that  we  have  ii  and  v satisfying 


(III. 6) 


■(rz')'  - XQ  r gu(u0,u^)z  = yz.  y = 0 


with  different  boundary  conditions.  We  shall  prove  that  h has  to  be  the  first  eigen- 
function of  (III. 6)  with  the  boundary  conditions 

(BCh)  z(a)  - c z'  (a)  = 0,  z (b)  + d z'  (b)  = 0 
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Thus  it  is  well  known,  that  fi  ^ 0 on  ]a,b[  [4].  We  first  consider  the  case  of  Dirichlet 

boundary  conditions  (c  ■ d ■ 0)  . In  this  case  h j 0 on  ]a,bl  follows  from  Sturm's 
comparison  theorem  [4)  by  using  the  fact  that  v has  exactly  one  zero  on  ]a,b[,  v(a)  f 0 , 
v(b)  f 0 and  fi(a)  = K(b)  = 0 . 

Then  we  consider  the  case  c,d  > 0 . By  remark  III. a u^fa),  uQ(b)  > 0 . From 
(III.l)  it  follows  that  v satisfies  (III. 6)  and 


z‘(a)  + c ?<u(a)>  Zta)  = 0 


z'(b)  - d2%srz(b)  = 0 


Let  us  call  p^  < P2  < •••  (resp.  pb  < pb  < ...)  the  eigenvalues  of  (III. 6)  with 
(BCv)  (resp.  (BCh) ) . By  the  fact  that  v has  exactly  one  zero  in  ]a,b[,  v is  the 

v V 

eigenfunction  corresponding  to  P2  hence  P2  «=  0 [4]  . By  using  a variational 

characterization  of  the  p^'s  • 

We  shall  prove  that 

(i)  P^  < pb  i = 1,2,...  , 

(ii)  pb  > 0 . 

This  will  complete  the  proof  of  this  case  since  fi  is  an  eigenfunction  of  (III. 6)  and 
(BCh)  with  corresponding  eigenvalue  0,  which  implies  that  fi  corresponds  to  pb  . 
For  z £ H*[a,b]  we  define 


Qnlz]  :=  / r (z ' - XQ  gu(u0,u')z2)dt  , 


QhtzJ  :=  Q„Iz]  + z2(b)  + z2  (a)  } , 

g(u  ,u’)  g(u  .u') 

Vz]  :=  Q^z]  - {r (b)d  z (b)  + r (a) c z2(a)}  . 


Let  £ :=  {e  £ H*Ia,b]|  E = F n B,  F closed  supspace  of  [a,b] , codim  F = 1}  , 

b 2 

where  B :=  {u  £ H^a.bjl  / u (x)dx  = l}.  From  the  Courant-Weyl  theorem  we  have 


p = sup  inf  Q*Iz],  * £ {h,v,n}  , 


Ee£  z £ E 
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p"  < p^|  <...  being  the  eigenvalues  of  (III. 6)  with  Neumann  boundary  conditions 
(BCn)  z* (a)  ->  z*  (b)  - 0 . 

By  observing  that  c,d,uQ(a) , uQ(b) , r(a),  r(b)  are  positive  and  g(uQ,u^) (a) , 
g(Vu'>  (b)  > 0 it  follows  that 

(III. 7)  p*  < p”  < p*1,  i - 1,2,...  . 


In  particular  we  have 


(III. 8)  0 “ y2  - W2  - U2  - V3  • 

We  claim  that  p!j  > 0 . If  not,  p"  = = 0 • follows  that 

sup  inf  Q [z]  = sup  inf  {q  .[z]  + P(z]}  = 0 , 

EeS  zcE  n Ee&  zeE  n 

. . r(a)  2.  , r(b)  2...  ^ „ 

where  P(z]  :«  z (a)  + — - — z (b)  > 0 . 

c u — 

Let  us  define  by  n the  eigenfunction  corresponding  to  p ” normalized  by  n(a)  > 0 
b - 

and  / n (x)dx  - 1 . 

a 

We  have  Q [n]  > inf  {Q  [z]  + P[z]}  for  every  E £ 6 . Let  us  denote  by  n 
n — _ n .1 

zeE  n ^ 1 b 

the  eigenfunction  corresponding  to  p^^  and  define  n^  :=  {u  e H Ia,b]  | / un^dx  = 0}  and 

X a 

E^  :•=  n n B . Observe  that  E c 6 and  Qn  (n]  = inf  Qn(z]  • If  is  easily  checked  that 

n zeEj^  " 

there  exists  z £ E,  such  that  Q [z]  + P(z)  = inf  {o  (z)  + P(z]}  . Consequently  we 
l n _ n 

zcEj 

have 


Q [z]  > Q [n]  > Q [z)  + P[z],  z £ E . 
n — n — * n i 

By  taking  z = z we  get  P[z]  =0  . Thus  Qn(z]  Qn(z],  z £ E^  . By  observing  that  n 

is  the  unique  function  in  E^  to  satisfy  [n]  = inf  Qn ( 2 J , we  get  n = z , hence 

Z£E^ 

P[n)  = 0 in  contradiction  to  n(a)  > 0 . This  completes  the  proof  of  the  case  c,d  > 0 . 
Finally  let  c « 0,  d > 0 . As  before  we  have  0 = p^  £ p"  • Let  us  cal1  yl  < ^2  < *' 
the  eigenvalues  of  (III. 6)  with 


(BCd) 


z(a)  - 0,  z’  (b)  = 0 . 
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We  prove  P2  < P2  exactly  as  before  by  replacing  H^fa.b]  by  H1  [a,bj  {u  e 

^ # 

H [a,b]|  u(a)  - 0}  and  Q [z]  defined  by  Q [z]  =■  Q [z]  + z2(b)  . With  this 


definition  we  have 


V = sup  inf  Q [z] 
E t 8 zeE 


P,  - sup  inf  Q [z]  , 
2 E«80  z£E  h 


!“  {E  c Hq  [a,b] | E = F n B,  F closed  subspace  of  H*  _ [a,b]  , 
codim  F = l)  . 

The  proof  will  be  complete  once  we  have  shown  that  y”  <_  y2  . But  this  is  true  since 


p"  = sup  inf  Q [z I < sup  inf  Q [z]  ■=  yd  . 

2 E£8  Z£E  n ~E£8„  Z£E  " 2 
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IV.  Discussion  of  condition  (*) . Boundary  conditions  and  uniqueness  of  the  asymptotic 


solution 

The  aim  of  this  section  is  primarily  to  give  sufficient  conditions  on  g in  order 
that  there  exists  an  unbounded  continuum  £ of  concave  solutions  of  (P) . We  shall  use  the 
following  definitions: 

K :“  { (x,u,v)  e [a,b]  X R | u - cv  ^ 0,  u + dv  >_  0}  , 
ft  :»  { (x,u,v)  e K | g (x,u, v)  > 0}  , 
ftQ  the  connected  component  of  ft  containing  (a,b)  X {(0,0)}  . 


In  the  autonomous  case  for  simplicity  we  shall  drop  the  first  component. 

Observe  that  from  (HI)  and  (H2)  ft^  j $ . We  shall  say  that  £ if 

(x,u(x),  u'(x))  e ftQ  for  each  x e la,b]  and  (A,u)  e £ . Observe  that  £ "c" 
impl  ies  even  strict  concavity.  In  Theorem  IV. 3 we  give  sufficient  and  almost  necessary 
conditions  in  order  that  fi  "c"  ftQ  . we  show  that  £ = r;  in  Corollary  IV. 4 for  the 
autonomous  case  and  in  Theorem  IV. 5 in  the  nonautomonous  case  under  stronger  assumptions. 

Obviously  the  preceding  theorems  give  bounds  on  u and  u1  for  (A,u)  c £ , 
whenever  ftQ  is  bounded. 

Finally  the  fact  that  £ "c"  ftQ  is  exploited  in  Theorem  IV. 6 and  IV. 7 in  order 
to  give  information  on  the  boundary  conditions  satisfied  by  the  asymptotic  solutions,  and 
the  uniqueness  of  those  solutions  in  Theorem  IV. 8.  The  proofs  of  the  preceding  theorems 
are  given  at  the  end  of  this  section. 

Theorem  IV. 3.  Let , in  problem  (P) , g satisfy  (Hi) , (H2) . 

Let  da,g  :*=  {(x,u,B)|  u = 6(x-a),  xr  Ia,b}}  . 

If  ftQ  satisfies  (Cl) 


(Cl) 


1)  d_  „ n ft_  is  connected  for  every  (a, B)  e R 

a»  ts  o 9 

2)  (a,cB,B)  e d „ n ft_  for  every  B > 0 , 

a-c,p  0 * 

3)  (b,-dB»(5)  « dj^  g n ftQ  for  every  B < 0 , 

then  there  exists  a subcontinuum  £ c « unbounded  in  R X C* (a,b)  such  that  g(x,u,u')  > 0 
for  each  (A,u)  £ £ . 
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Observe  that  in  the  autonomous  case  the  condition  (Cl)  reduces  to  the  following  one 


dg  n nQ  = { (8c,  60(U  U 


(C2) 


where 


i «0  < yx  i \ < y2  < «2  < >3 


and  y.  - 6.  ^ ^ |B|  (b-a) , with  d^  s 


= { (t,6)  | t£  f) 


In  the  autonomous  case  we  have: 

Corollary  IV. 4.  If  in  Theorem  IV.  3,  g does  not  depend  on  x,  then  fi  = 

Remark  IV. 1.  It  should  be  noted  that  if  in  Theorem  IV. 3 the  assumptions  on  do  not 

hold,  then  condition  (*)  can  be  violated.  Counter  examples  will  be  given  before  the  proofs 
of  the  theorems. 

Theorem  IV. 5.  Let  in  problem  (P)  g(x,u,v)  be  of  the  form  s(x)  g(u,v)  with  seC[a,b]  , 
s > 0,  g £ C^(K2),  g(0,0)  > 0 . lf_  s(x)  g(u,v)  = 0 and  (x,u,v)  e imply 

gu<u,v)  < 0,  then  C • 

Theorem  IV. 6.  Let  the  assumptions  of  Theorem  IV. 3 be  satisfied  with  c > 0 . Let 
aQ  :=  !-up{a  0 | (a,a,ta)  e V t e (0,  ^] } 

£5Q  :=  the  first  positive  zero  of  g(a,8,  ^ $ ) . 

If  1°)  Proj_  6 is  unbounded 

2»)  aQ  = 30  < - 

3°)  g(a,B0,  tB0)  >0  for  t £ [0, 

hold,  then  lim  u(a)  = ot_ 

A+=o  0 

(A,u)  £ & 

Moreover  if  ((A  ,u  ))  _ c £ is  any  sequence  such  that  A -*■  00 , u -*  u in  the  sense 

of  Theorem  II. 1,  then  u(a)  - cu' (a)  = 0 . 

Remark  IV. 2..  With  obvious  modifications  the  same  result  holds  at  b . 

Remark  IV. 3.  If  in  Theorem  IV. 6 condition  2°  or  3*  is  violated,  the  conclusion  does 
not  necessarily  hold.  For  example  a)  if  g(u,v)  = 1 - + v2  with  c = d = 1 then 
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condition  2*  is  violated  and  u(x)  - 1 on  (a,b)  , b)  if  g c C(J**)#  9(0,0)  > 0 and 
is  { (u,v)  | 0 < u < 1;  -1  < v < 1»  v £ 2u}\  { (u,v)  | j < u < 1,  y £ v £ l)  with 


0,  b « 2,  c “ y , d»0  then  condition  3*  is  violated  and 


u(x) 


f lx+1)  , x « 10,1] 


-x  + 2 


x « 11,21 


Theorem  IV.  7.  Let  in  problem  (P)  g e c (K  ) , g(0,0)  >0,  c > 0 and  aQ  sup  {a  >_  o| 

(a,  ta)  e RQ  for  every  t e [0,  y]}.  Let  RQ  satisfy  the  condition  (C2)  and  aQ  < ™ . 

If  Proi  C is  unbounded,  then  lim  u(a)  = a . 

_ R 0 

(X,u)eC 

Remark  IV. 4.  With  obvious  modifications  the  same  result  holds  at  b,  with  aQ  replaced 
by  a1  :=  sup{a|  (a,ta)  e RQ,  V t e l-d-1,o]}  . 

In  the  autonomous  case.  Theorem  IV. 7 gives  a precision  of  Theorem  IV. 6 in  the  case 

°0  < eo  • 

1 2 

Theorem  IV. 8.  Let  in  problem  (P)  g e C (»  ) , g(0,0)  > 0 . Let  RQ  satisfy  the  con- 

dition (C2).  Assume  there  exists  M > 0 such  that  |v|  <_  M for  (u,v)  e RQ  . Then 

there  exist  u e C[a,b] , depending  only  on  a,b,c,d  and  3R„  such  that  lim  |u-u|„  = 0 . 

0 X-®  0 

(X,u)e C 

A counter  example 

Consider  the  problem 

i"  - Cl  - (u  - y) 2 - u,2)u 


(IV.l) 


u(0) 


,4ir  . 
u(T  ) 


f(u,v)  ■ 1 - (u  - y)2  - v2  is  cW).  satisfies  (H2)  and  RQ  » Cl  « {(x,u,v)  c 
10,  ] X » 2 | u £ 0,  f(u,v)  > o).  Here  part  1)  of  condition  (Cl)  is  violated.  It  is 

•asy  to  see  that  every  solution  (X,u)  of  (IV.l)  satisfies  -| u | Q < y,  | \i | ^ £ 1,  hence 
Proj^C  is  unbounded.  We  shall  show  that  there  exists  X > 0 such  that  (X,u)  e C , 

X >T  implies  (x,u(x)  ,u' (x) ) £ Rp  and  thus  condition  (*)  is  violated.  If  not,  there 
exists  a sequence  (Xn,un>  € C , Xn  •*  ® (x,un(x),  u^(x))  c Rn  . The  assumptions  of 
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A 


Theorem  XI. 1 being  satisfied,  there  exists  u t clO,  — 1 n ACJO,—  I,  concave,  satisfying 


(IV. 2) 


f(u,  u')  » 0 a.e.  on  ]0,yl 


u(0)  » ul~  ) “ 0 


But  the  unique  sol«*'on  of  (IV. 2)  belonging  to  C[0,4?]  n AC]0,^l  is  u(x)  » |-  + sintx  - ;r) 

3 3 2 o 

which  is  not  concev  contradiction. 

Similarly  ii  p- *t  2)  of  condition  (Cl)  is  violated,  the  condition  (*)  may  not  hold. 

In  particular  if'  g(u,v)  » {(20  - (u-1)  (u-2)  (u-3))  - v } u,  one  can  show  that  if  b - a 

is  big  enough  condition  (•)  does  not  hold. 

Proof  of  Theorem  IV. 3.  Let  g*  be  defined  by 


+ 

9 


(x,u,v) 


g (x,u,v)  if  (x,u,v)  « £1 


0 otherwise 


and  consider  the  problem  -u"  = Xg+(x,u,u')  with  the  same  boundary  conditions  as  in 
problem  (P)  . g+  satisfies  (HI)  and  (H 2)  and  therefore  there  exists  a continuum  of 
positive  solutions  unbounded  in  R X C1[a,b]  . We  claim  that  for  all  (X ,u)  e $ 

we  have  (x,u(x),  u'(x))  e £1Q,  x £ [a,b)  . Assume  there  exists  (x,  u(x),  u’(x))  9 , 

and  let  us  consider  the  initial  value  problem 


(IV. 3) 


-w"  «=  Xg(x,w,w*) 
w (x)  = u(x) , w'  (x) 


u’ (X)  . 


Assume  B :=  u’  (x)  > 0 . Let  a :«  x - . By  (1)  s s-  d-  ^ n flQ  is  connected. 

If  s is  empty  then  w(x)  ■ u*  (x) (x-x)  + u(x)  is  the  unique  solution  of  (IV. 3)  on 

[a,b]  since  g+  vanishes  on  (1°  . But  u « w does  not  satisfy  the  boundary  conditions, 

thus  s is  not  eof>ty,  i.e.  s is  an  interval  distinct  from  djjy  • It  follows  that 


g+  vanishes  on 

*0  BNs' 

therefore  the  solution 

of 

(IV. 3)  on 

]a,x[  or 

)x,b[  must  be 

w(x)  « u' (x) (x-x) 

+ u(x)  . 

In  the  case  a “ a-c 

from  2)  u « w 

on  [x,b] , 

which  is 

impossible  since 

the  condition  u(b)  ♦ du*  (b)  = 0 

is 

violated. 

If  a f a 

- c,  by  a 

similar  argument  the  boundary  conditions  are  violated  at  x » a or  x « b . We  get  the 


same  contradiction  if  0 . Therefore  (x,  u(x)  , u'(x))  £ ftQ  for  every  x e la,b], 

and  for  each  (X,u)  £ ft  . The  proof  is  completed  by  observing  that  g+  • g on  ftQ, 
hence  A is  a subcontinuum  of  Z > unbounded  in  1R  X C^[a,b]  . 

Proof  of  Corollary  IV. 4.  Since  A is  a subcontinuum  of  C , it  is  enough  to  show  that 

A is  open  in  C . Observe  that  for  each  (X,u)  £ A , there  exists  an  open  neighbour- 
hood V(X,u)  of  (X,u)  in  C such  that  if  (li,v)  £V(X,u),  then  ()J,v)  e ft^,  hence  (see 
Theorem  III. 2)  (X,v)  £ A . Thus  A is  open  in  C and  A = C • 

£ 

Proof  of  Theorem  IV. 5.  Assume  there  exists  x £ [a,b]  such  that  (x,u(x)  ,u'  (x) ) £ ftQ  . 

We  shall  show  later  that  there  exists  y £ [a,b]  such  that  (y,u'  (y)  fu"  (y) ) £ 3ftQ, 

u* (y)  f 0 and  u"(z)  > 0 for  x < z < y if  u' (y)  > 0,  for  y < z < x if  u' (y)  < 0 . 

On  the  other  hand  for  such  y we  have  u"(z)  < 0 for  y < z < y + 6 if  u*  (y)  < 0 , 

respectively  for  y-6<z<y  if  u' (y)  > 0 and  some  6 > 0 . Indeed  u' (y)  < 0 
implies 

-u"(y+h)  = Xs(y+h)  [fu<u(y),  u'(y))  u(y)  u’  (y)h  + o(h))  > 0 

for  0 < h < <5  and  we  get  a contradiction.  Similarly,  if  u' (y)  > 0 . Thus  it  remains 
to  show  the  existence  of  such  y . w 

First  observe  that  if  u attains  its  maximum  at  x (necessarily  in  ]a,b[  from 
B.C)  then  g(x,  u(x),0)  £ 0 . We  claim  that  (x,u(x),0)  £ ftp  . Indeed  from  the  connec- 
tedness of  C I :=  t|ul0  I <^*“)  « C ) is  an  interval  in  R+  containing  0 . Let 
u0  £ JO,”]  be  the  first  zero  of  f(u,0)  . If  uQ  «=  «°  we  are  done.  If  not  by  our 
assumptions  there  exists  6 > 0 such  that  f(u,0)  <0  if  u £ lu0'uo  + ® I • Therefore 
I £ 10, Up] , hence  (x,  u(x),0)  £ ftp,  and  {(x,u(x),  u’ (x))|  (X,u)  e (j  , u’ (x)  « 0>£  ftQ  . 
Let  a « min{x|u(x)  = |u|p},  6 = max{x|u(x)  * | u | . We  then  have  u(x)  = |up| 
for  x £ la,B]  . If  not,  u has  a minimum  for  some  x e la, 61,  which  is  impossible 
since  u" (x)  < 0 . For  the  same  reason,  taking  into  account  that  u' (a)  > 0,  u' (z)  > 0 
for  z e [a,a[  . Similarly  u'(z)  < 0 for  z e 16,b]  . 

Assume  there  exists  x £ la,b)  such  that  (x,u (x) ,u* (x) ) £ ftp  . We  already  know 
that  x 9 la, 61  • if  x < a,  let 
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y :«=  min{t  £ ]x,a] | (t,u(t>,  u*(t))  £ } . 

By  definition,  u”(t)  > 0 for  x £ t < y . y^a,  otherwise  u(a)  would  not  be  maximum, 

hence  u* (y)  > 0 . The  case  x > 0 is  similar.  This  completes  the  proof  of  Theorem  IV. 5. 

Proof  of. Theorem  IV. 6.  First  observe  that  (a,  gQ,  c 1 gQ)  £ 3fi0  . From  Theorem  IV. 3, 

the  connectedness  of  £ and  the  definition  of  g if  (A,u)  e 6 , then:  u' (a)  < - 

0 CO 

and  u(a)  £ gQ  . From  the  boundary  conditions  at  a,  and  the  concavity  of  u,  it  follows 

that  sup  |u|  < " • In  order  to  complete  the  proof,  it  is  sufficient  to  show  that  if 

(A,u)e  6 _ _ _ 

(A  ,u  ) £ fi  , A ■*  °°,  u -*■  u,  u'  ■*  v as  in  Theorem  II. 1,  then  u(a)  = a_,  and 

n n n n n o 

u(a)  = cu' (a)  . From  the  definition  of  aQ  and  assumptions  2 and  3 we  have;  g(a,u,v)  « 0 , 

(u,v)  £ A imply  u = aQ  and  u = cv,  where  A :=  {(u,v)  | u - cv  _>  0,  u £ aQ, 
v £ 0}  . From  the  proof  of  Theorem  II. 1 we  have  g(a,u(a),  u'(a))  = 0,  0£u'(a)  £ v(a) 
and  u(a)  = cv(a).  As  u(a)  £ aQ  the  proof  is  complete. 

Proof  of  Theorem  IV. 7.  As  in  the  proof  of  Theorem  IV. 6 it  is  sufficient  to  show  that 

u(a)  £ aQ  when  (A,u)  £ <2  . Assume  there  exists  (X,u)  £ <2  such  that  u(a)  > aQ  . 

By  connectedness  of  C , {u(a)  | (A,u)  e C } _o  [0,u(a)]  o_  [0,aQ]  . Thus  there  exists 

(X,u)  £ C such  that  u(a)  = aQ  . From  Theorem  III. 2,  there  exists  a function 

s ■*  (A(s),  u(s))  e IR  X c2(a,b],  s £ [0,1]  such  that  ( A ( 0)  , u(0))  = (A  ,0), 

A A 

(A(l),  u(l))  = (A,u)  . From  the  concavity  of  u we  have 

aQ  £ u(a)  £ u(x)  £ |u|Q  as  long  as  u'  (x)  £ 0 . 

By  definition  of  a„  and  the  fact  that  a_  < <*>  there  exists  0 < v < c *a_  such  that 

0 0 — — 0 

(aQ,v)  £ 3f2Q  . By  a homotopy  argument  there  exists  s e ]0,1]  and  x £ [a,b]  such  that 

(u(s)(x),  u'(s)(x))  £ 3ftQ  which  contradicts  the  fact  that  if  (A,u)  e C then 

(u(x),  u * (x) ) £ ftQ,  x £ [a,b]  . 

Proof  of  Theorem  IV.  8.  From  Corollary  IV.  4,  C • By  assumption  3 M'  > 0 such 

that  | u | Q , | u | ^ £ H'  for  (A,u)  e C . Thus  Proj^C  is  unbounded.  Let 

(A  ,u  ) c C and  u £ C [a,b]  , u / 0,  such  that  A •*  <*>  and  lim  |u  -u|  = 0 . 

n n n £IN  - n n 0 

Such  a u exists  by  Theorem  II. 1 . If  c = 0,  u(a)  = 0 and  if  d = 0,  u(b)  = 0 . 

(See  Remark  Il.l.b  and  c) . If  c > 0,  observe  that  aQ  = sup{a| (a,ta)  c nQ,  V t c [0,^]) 
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r : 1 


satisfies  aQ  < cM  and  depends  only  on  c and  . By  Theorem  IV.  7 u(a)  « aQ  . 

Similarly,  if  d > 0 u(b)  » (a^  of  Remark  IV. 4)  with  £ dM  and  depending  only 

on  d and  3£1  . Let  u„  be  the  first  positive  *ero  of  g(u,0)  . 

0 0 

Let  3 :=  {h  e C(0,u0]|h  ^ 0,  h decreasing,  Mu^)  “ 0»  Mu)  = h(0)  for 
0 < u < ch(0)  j (u,h(u)  £ flQ  for  u £ [ch(0)  , uQ[  j { (u,v)  |u  - cv  ^ 0,  0 < v <_  h(u)  } . 

Note  that  h = 0 belongs  to  3 . Moreover  if  (A,u)  e C , u f 0 < then  the 

function  h defined  by 


r u'  (o) 

for 

0 < u < u (0) 

h(u)  :=  < u'(x) 

for 

u(0)  < u (x)  < | u | 

I 

— — o 

L 0 

for 

N0  i u 1 u0 

belongs  to  3 by  using  the  fact,  that  C is  a curve.  Let  8(u)  £ sup{h(u)|  h e 3 ) , 
u £ [0,uQl  . 8 is  bounded  by  M,  decreasing  and  l.s.c.  hence  8(u+)  = 8(u)  . Let 
8(u)  :=  {(u,[8(u+),  6(u  )])|  u £ [0,u0]}  be  the  maximal  decreasing  graph  associated  with 

B . 

We  claim  that  if  (u,v)  e and  v ^ 0 then  B(u+)  v . If  not  v < 8(u+)  = 

B(u)  . From  the  definition  of  IT  there  exists  h £ 3 such  that  v K h(u)  < 8 (u)  . But 

(u,v)  £ { (u,v)  | u-cv  ^ 0,  0 <_  v <_  h(a) } c (JQ  , 

a contradiction.  Let  [x,x]  be  the  maximal  interval  in  [a,b]  such  that  u(x)  = |u|Q  • 
We  shall  prove  that  u £ 8(u)  a.e.  on  [a,x]  . If  H < 5,  then  u' (x)  = 0 on  ]x,x[  , 

_ y yy  _ __  _ 

hence  g(u(x),0)  =0,  x c ]x,x[  . It  follows  that  u(x)  « uQ  and  thus  u e 8(u)  on 

,v  a.  If  a *=  x we  are  done,  otherwise  let  A :«  {x  £ ]a,Xl|  u'(x)  = u'  (x) } . 
)x,x[  . + 

Observe  that  Ja,5c[  - A is  a countable  set  and  u'  (x)  >0,  x £ A . Let  x £ A . Since 

u' (x)  exists  and  is  positive,  for  n big  enough  u^(x)  > 0 . 

Since  (u(x)  , u^(x))  £ XlQ  we  have  F(u(x))  < u^(x)  = u'  (x)  . For  n big  enough 

we  have  u' (x)  < 8(u  <x) ) , hence  u' (x)  = v(x)  < 8(u(x)  ) . Thus  u' (x)  £ B(u(x))  . 
n — n — 

Consequently  u is  a solution  of 

f u + (~8(u))  « 0,  a.e.  x e [a,*]  , 

| u(a)  = u(a)  . 

By  observing  that  ~6  is  a maximal  monotone  graph  in  the  sense  of  12] , this  equation 
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A 


ha*  exactly  one  solution,  hence  u is  uniquely  defined  by  a,c.  and  3nQ  on  [a,£]  . 
Note  that  from  |2]  we  have  u|(x)  « 0(u(x))  for  every  x t [a,x[  . 

V y 

By  proceeding  in  the  same  fashion  on  tx,b],  u is  uniquely  defined  on  lx,b] 
V A 

b,d  and  . since  x <_  x we  are  done. 


by 
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V.  Examples 


1».  Let  f £ C1  ( B ) , f(p)  >0  for  p e 10,  p I,  f(pj?>  - 0.  and  consider  the 


following  problem: 


‘ 2 2 

-u"  “ Xf(u  + u*  )u  on  J0,T[ 


u(0)  *=  u (T)  “ 0 . 


From  Corollary  IV. 4,  it  follows  that  the  condition  (*)  is  satisfied  which  implies  by 

2 1 

Theorem  III. 2 that  C is  a curve  in  B X C [0,T]  . Moreover,  u is  bounded  in  C [0,Tl 

for  (X,u)  £ . From  Theorem  IV. 8,  lim  |u-u  | “ 0 where 

X-°>  T 0 
(X  , U)  £ <1 

f pQ  sinx  x e [0,  min(j  , j ] 

I TT  T T IT 

uT(x)  :=  / pQ  x £ ]min(j,j),  max(j,  T— H 

T TT 

p„  sintT-x)  x £ [max(— , T - — ),  T] 
v,  o z z 


Remarks, 

2 2 2 2 

1.  If  instead  of  f(u  + u'  ) we  have  s(x)  f (u  + u'  ) , s e clO.Tl  , s > 0,  all  the 
previous  conclusions  hold  except  the  fact  that  C is  a curve,  which  we  can  not  decide. 

2.  If  T = tt,  obviously  C :«  { ( a j , a sin  x)  | 0 < a < pQ}  and  = PQ  sin  x 

_ f(a  ) 

is  smooth  but  if  T < TT,  uT  fi?  ci[0,T]  . 

3.  Observe  that  the  limit  u in  Remark  1,  is  independent  of  s and  depends  only  on 

T 

the  first  zero  of  f and  on  T . 

4.  If  f does  not  vanish  and  Proj^  C is  unbounded,  then  IuIq  not  bounded  for 
(X,u)  eC  . This  is  an  imnediate  consequence  of  Theorem  II. 1. 

2*.  Let  f be  as  in  example  1°,  and  consider 

0n  2 2 

r-u"  - Xf((u  - ~)  + u'  )u  on  ]0,TI 

(P2)  / u (0)  - cu'  CO)  * 0 c,d  0 

^u(T)  + du'  (T)  * 0 . 

The  case  f(p)  «■  1-p  , c = d=0,  T = has  been  treated  in  Section  IV.  If  c £ 10, 


F 


or  d € [0,  — t,  by  using  a similar  argument  as  in  Section  IV,  one  can  prove  that  the 

condition  (*)  is  violated.  However,  if  c,d  e [j  ,°°[  , the  condition  (*)  holds  by 

2 

Corollary  IV.4  and  <3  is  a curve  in  1R  * C ( 0 ,T]  . From  Theorems  IV. 8 and  IV. 6, 

lim  |u-u|  = 0 where  u e C{0,T] , satisfies  the  boundary  conditions  and  f(u(x),  u'(x))  =0 
A-°°  0 

(A,u)£  <1 

x « [a,b]  . 


Let  f(x,u,u')  = f(x,u),  f e C([a,b]  X R ) , f(x,0)  >0,  x e [a,b]  and 


consider: 


-u"  = Af(x,u)u,  x £ ]a,bf  , 
u(a)  - cu’(a)  = 0,  c,d  > 0 , 


u (b)  + du'  (b)  = 0 . 


It  follows  from  Theorem  II.  1,  that  a necessary  condition  in  order  that  |u|g  M , 

u concave  for  every  (A,u)  e C is  that  there  exists  u eC]a,b[,  concave  such  that 

{(x,u(x),  u^(x))|  x £ ]a,b[}  = . Therefore  we  shall  assume  that  this  condition  holds, 

i.e.,  if  for  x £ ]a,b],  u(x)  is  the  first  positive  zero  of  u ■*  f(x,u)  , then  u(x)  is 

concave.  By  Theorems  IV. 3 and  II.  1,  we  get  the  existence  of  a subcontinuum  fi  £ C 

such  that  lim  |u-u|  , , . =0  for  every  a < a'  < b'  < b . We  do  not  know  in  general 

X-*oo  0,  la  ,b  J 

(A , u) £ c 

if  this  holds  for  the  whole  continuum  3 . However  if  f(x,u)  0 for  u >_  u(x)  , 
fix,*)  c C^(IR)  and  u (a)  - cu’(a+)  > 0,  u(b)  + du'  (b  ) :>  0 hold,  then  6 = C • *n 
this  case  observe  that  if  (A,u)  c C and  x e ta,b]  is  such  that  (x,u (x) ,u ' (x) ) e 3flQ 
then  there  exists  x £ [a,b]  such  that  (x,  u(x) , u'(x))  £ . It  follows  that  C is 

the  disjoint  union  of  {(A,u)  £ C | (x,u(x) ,u' (x) ) £ V x £ (a,b)}  and  {(A,u)  e cl 
3 x £ [a,b]  such  that  (x,u(x)  ,u' (x) ) £ ?2^}  which  are  open  in  <3 
By  the  connectedness  of  C , we  are  done. 

In  the  case  f(x,u)  = six)  h(u),  s e C[a,b]  , s > 0,  h £ C1[a,bl,  6 =C  also. 
Indeed  {|u|^j(A,u)  £ (•  } is  an  interval  containing  0 by  the  connectedness  of 

If  there  exists  (A,u)  (C  such  that  f (|  u|  Q)  = 0 then  u(x)  = |u|Q  is  the  unique 
solution  of  the  corresponding  initial  value  problem  at  x £ ta,b]  where  ulx)  = | u | Q » 

But  u = IuIq  does  not  satisfy  the  boundary  conditions.  Observe  that  in  this  case  the 
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condition  f(x,u)  <_  0 for  u >_  u(x)  is  not  necessary.  Finally  if  s(x)  5 1,  C is  a 
2 

curve  in  K X c [a,b]  . 

4*.  Let  f(x,u,v)  = f(x,v),  f e c(fa,bj  * R),  f (x,0)  > 0 and  consider 


(P4) 


-u"  «■  Af(X,u’)u  , 


u(0)  = u(l)  «=  0 . 


Assume  that  there  exists  v+(x)  positive  decreasing  and  v (x)  negative  decreasing 
such  that  f(x,v)  > 0 for  v < v < v+  and  f(x,v+(x))  = 0 . Observe  that  the  condition 
(Cl)  of  Theorem  IV. 3 is  satisfied.  It  follows  in  particular  that  | u | , hence  lul0  is 
bounded  for  (A,u)  e ft  where  ft  is  a subcontinuum  of  (®  such  that  Proj^ft  is  un- 
bounded. Theorem  II. 1 can  be  applied  to  ft  . In  the  case  f(x,v)  = s(x)  h(v) , s € c[a,b]  , 

• > 0,  h e C1  where  v_  and  v+  are  the  first  negative,  resp.  positive  zeros  of  h , 

• - Z . As  in  3®,  note  that  v (resp.  v ) is  a solution  of  the  differential  equation 

(P4)  without  satisfying  the  boundary  conditions.  Moreover  if  s(x)  = 1,  C is  a curve 
2 

in  R x C [a,b]  . An  interesting  subcase  is  treated  in  5®. 

5®.  Consider  the  problem 

(P5) 


-u"  = Af(u')u,  on  ]a,b[. 


u (a)  = u(b)  =0 


2 

Theorem  V.9.  Let  f in  problem  (P5)  satisfy  fee  (®)»  f(0)  > 0,  f"(x)  <_  0 and  f 
is  not  constant  on  any  neighborhood  of  0 . (For  example,  if  f ' has  at  most  one  zero) . 
Wien  a)  Every  positive  solution  of  (P5)  belongs  to  C . b)  C is  a curve  parametrized 
by  X c [X, ,°°(  , [X,,”)  , c)  lim  |u-u|„  = 0 for  every  a < a'  < b*  < b . 

— 1 1 X-*.»  °'la  >b  ‘ 

<A,u)eC 

where  u is  the  unique  concave  positive  solution  of  f(u’)  =0  x £ ]a,b[,  satisfying 
u(a)  = 0 (resp.  u(b)  = 0)  _if  f has  a positive  zero  (resp.  negative  zero) . Moreover 
a*  can  be  chosen  equal  to  a _lf  u(a)  * 0 (resp.  b1  « b,  _if  u(b)  = 0)  . 


Remark.  It  is  easy  to  see  that  every  solution  of  (P5)  can  be  deduced  from  a positive  one 
(resp.  a negative  one)  by  observing  that  the  zeros  of  any  solution  of  (P 5)  are  equi- 
distant, and  thus  correspond  by  an  appropriate  "stretching”  to  a positive  or  a negative 
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one.  The  negative  solutions  are  obtained  from  the  positive  ones  by  antisymmetry.  It 


follows  in  particular  that  if  X <_  X^,  (P5)  has  only  the  trivial  solution  0,  and  if 
X^  < X <_  Xfc+1  where  X^  are  the  eigenvalues  of  the  linearized  problem  at  the  origin, 

then  (P5)  has  exactly  2k- 1 solutions.  It  follows  that  every  solution  of  (P5)  are  con- 

• ± 2 
tained  in  the  ccntinua  defined  in  { 10) , which  here  are  curves  in  R * C [a,b]  and 

moreover  parameterized  by  X . The  asymptotic  behavior  as  X -*■  “ for  the  C~  is  thus 

easily  deduced  from  that  of  C*  . 

2 

Proof  of  Theorem  V.9.  From  example  4*  we  know  that  1 is  a curve  in  R * C [a,b]  . In 
order  to  prove  that  Proj^ C is  unbounded,  we  shall  need  the  following 

Lemna  V.l.  Let  g(x,u,v)  satisfying  (HI)  and  (H2) . Assume  there  exists  an  increasing 
function  c:  R+  -*■  R + such  that  g(x,u,v)  _<  c(u)  (1  + |v|)  for  u > 0 and  x e [a,bl  • 

If  in  problem  (P)  corresponding  to  g,  the  condition  (*)  holds  and  if  (x,u,v)  e 

implies  v < M (resp.  v > -M)  , then  |u|_  is  bounded  for  (X,u)  e C and  Proi_'3 

“ — 0 ————————  — JR 

is  unbounded. 

Proof  of  Lemma  V.l.  The  fact  that  lul0  *-s  bounded  for  (X,u)  e 1 follows  immediately 

from  the  boundary  conditions  and  the  half  bound  on  u*  . Assume  Proj  (j  is  bounded. 

b K 

Since  -u"(x)  > 0 and  |u|  is  bounded  for  (X,u)  e C / |u'(x)|dx  is  bounded. 

0 b b a 

Using  the  assumption  on  g we  get  / |u"(x)|dx  <_  M'  / (1  + |u'|)dx  is  bounded,  hence 

a a 

by  -u">0,  |u|  is  bounded  which  contradicts  the  fact  that  C is  unbounded  in 

R x C1 la,b] . 

Let  us  return  to  the  proof  of  Theorem  V.9.  Let  us  denote  by  v (resp.  v+)  the 
first  negative  (resp.  positive)  zero  of  f,  possibly  infinite.  Observe  that  our  assump- 
tions on  f imply  that  v or  v+  is  finite.  Moreover,  from  example  4®,  we  know  that 
condition  (*)  is  satisfied.  Since  f is  concave,  the  assumptions  of  Lemma  V.l  are 
satisfied,  then  |u|  is  bounded  for  (X,u)  e C and  Proj  C is  unbounded.  Note  that 
Theorem  II. 1 gives  c)  . In  order  to  show  that  is  parametrized  by  X,  it  is  enough  to 

prove  that  if  (*0»u0>  « C , (X(s),  u(s)),  s e J-1,+1]  is  as  in  Theorem  III. 2 and 

2 

X (0)  ■=  0,  then  X (0)  > 0 . jRemark  that  1 is  a C one  dimensional  manifold  in 
s ss 

2 2 

R * C (a,b)  since  f e C (R)]  . Indeed  for  s = 0,  we  have: 
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-u"  -Xf(u')u  - 0,  u(a)  “ u(b)  « 0 , 


(P  5) 
s 


<p  5) 
ss 


- (ru' )’  - Xr  f(u')u 


0,  ug(a)  - ugG>) 


C -(ru*  )’  - >x  f(u')  u “X  r f(u')u  ♦ Xr  f"(u’)  uu'2 
I ss  ss  ss  s 

\+  2Xr  f'(u')  u u',  u (a)  - u (b)  ■ 0 , 

V-  S S SB  SS 


where  r(x)  :»  exp{X  / f'(u')(t)  u(t)  dt}  and  denotes  the  differentiation  with  respect 

a 

to  s . From  the  proof  of  Theorem  III. 2,  we  know  that  ug  > 0 or  ug  < 0 on  ]a,b(  . 


It  is  standard  that  the  right  hand  side  of  (P  5)  has  to  satisfy 
b b 88  b 

0 = X / r f(u')  u u dx  + X f r f"(u')  u u u'2  dx  + 2X  f r f'(u')  u2  u'  dx  . Hence 
ss'  s'  ss  ' ss 

a a a 

from  the  assumptions  on  f and  an  integration  by  part  on  the  last  term,  we  get  Xgs  > 0 . 
This  proves  b) . It  remains  to  prove  a).  Assume  v+  < ® the  case  v < 00  being  similar. 
Let  (X,u)  be  a positive  solution  of  (P5) . u’ (a)  < v* , otherwise  if  u’ (a)  _>  v*  there 
exists  x c [a,b]  such  that  u’ (x)  ■ v+,  since  u'-  vanishes  where  u achieves  its 

maximum.  But  then  u(x)  such  that  u(x)  = u(x),  u' (x)  = u‘ (x) , x £ [a,b]  would  be  a 
solution  of  the  initial  value  problem  at  x,  which  does  not  satisfy  the  boundary  con- 
ditions and  which  must  be  equal  to  u from  the  uniqueness  of  the  solution  of  the  initial 
value  problem.  Thus  u' (a)  < v+  . On  the  other  ^iand,  {u(a)  | (X,u)  t C i is  an  interval 
from  the  connectedness  of  Z » which  contains  0 and  such  that  v+  is  a limit  point. 


Moreover  it 
Consequently 


Indeed  f(u^(a))  = 0,  where  u is  defined  in  c) , thus  u^(a)  * v 

follows  from  Theorem  II. 1 that  in  this  case  lim  u* (a)  = u'(a)  = v+ 

X-k» 

(X,u)e<; 

{u(a)  | (X,u)  £ Z ) = l0,v+[  . Finally  observe  that  (X,u)  is  a solution  of  (P5 ) iff 
z.  (x)  :=  u ( — ~ ) is  a solution  of  (P'5) 


A 


(P'5) 


{ 


-w"  “ f(w')w  , 
v(0)  - w(A  ) - 0 . 


Since  2j^(0)  “ u'  (0)  e (0,v+I,  by  the  uniqueness  of  solutions  of  (P'5),  (X,u)  e Z and 

we  are  done. 


Remark.  The  condition  f"  < 0 is  only  needed  on  the  interval  tv  ,v  ) 
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6.  Let  f(x,u,u*)  - s(x)  t^lu’)  h2(u)  such  that  s t C[a,b)  , s > 0,  h^hj  t C (R  ) , 


^(0)  h2(0)  > 0,  and  consider 


(P6) 


‘-u"  » Xs(x)  h^u')  h2 (u)u  , 
u(a)  - cu'(a)  - 0,  c,d  > 0 , 
u(b)  + du’  (b)  *=  0 . 


First  observe  that  the  condition  (*)  is  satisfied.  This  is  proved  as  in  examples 
3#  and  4°  . (If  s (x)  HI,  C is  a curve).  Let  v+  (resp.  v ) be  the  first  positive 
(resp.  negative)  zero  of  h^,  possibly  infinite.  If  v+  and  v 


can  apply  Theorem  II.  1.  If  v < ®>,  v «•  and  h^  (v)  <_  c(l  + |v|)  for  v > 0,  by 
by  Lemma  V.l,  we  can  apply  Theorem  II. 1 again.  Similarly  if  v > - 00  , v+  « +00 


both 

finite. 

we 

for 

v > 0, 

by 

♦ 

v * + °° 

7.  As  a last  example  we  consider  the  problem 

IP-1 

j —U  T | U 

<P7) 


-u"  + |up  u = Xu,  p > 1 , 
u(0)  - cu'(0)  = 0,  c,d  > 0 , 
u(l)  + du'  (1)  = 0 . 


Define  u = p u and  (P7)  is  equivalent  to 


(P7)  • 


■-u"  = X{l  - |u|p  1}  u , 
u (0)  - c 5’  (0)  =0,  c,d  > 0 , 
u (1 ) + d u1  (1)  = 0 . 


From  example  3°  we  have  that  C of  probl^n  (P7)  is  a curve  in  R *'  c [0,1],  param- 
eterized by  X [1] , such  that  lim  X1  p u = 1 uniformly  on  every  compact  subinterval 

X-*-“ 

(X,u) e C 

of  ]0,1[  . 


Remark.  Examples  3,4,6  can  be  used  for  the  forced  case  by  considering: 
-u"  = Xg(x,u,u')  with  the  boundary  conditions. 
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Appendix. 

We  recall  some  basic  results  on  concave  functions.  If  u is  concave  on  [a,b], 
then  is  l.s.c.  and  decreasing,  u^  is  u.s.c.  and  decreasing.  Moreover 

(Al)  u|(x)  « lim  u^(y)  (possibly  °°) , x e la, b( 

y >x 


(A2) 


uMx)  = lim  uMy)  (possibly-00),  x £ ]a,b] 
y <x 


Proposition  A:  Let  (u  ) c C [a.bl  , u u . < M u concave  for  all  n 

*■ n nc  IN  — 1 n'O  ' n'l  — n 

Then  exist  a subsequence  (u  ).  and  u,  v such  that: 

3 n.  k e IN  

k 


(a) 

(b) 

(c) 


u ■*  u in  AC[a,b]  , 

"k 

u (x)  ■*  v (x)  , x £ la,b]  , 

"k 

u^(x)  = u^(x+)  = v(x+)  <_  v(x)  £ v(x  ) = u^(x  ) 


u'  (x)  , X £ (a,b]  . 


Proof.  (a)  Since  u € C2Ia,b]  and  is  concave,  it  follows  that  |u"|  i < 2|u  | , 

n n I*  ^ ni 

2 1 

hence  u is  bounded  in  W ' la,bi  . We  can  extract  a subsequence,  still  denoted  by  u , 
n n 

converging  to  u in  AC(a,b]  . 

2 1 

(b)  Since  u is  bounded  in  W ' [a,b] , we  can  apply  Helly's  Theorem  [9]  to 

n 

^nelN* 

(c)  u|(x)  = u'  (x+)  is  (Al) , since  u is  concave.  v(x  ) £ v(x)  since  v is 

decreasing.  From  (a)  and  (b) , u^(y)  = v(y)  a.e.  in  (a,b)  . Let  x e [a,b]  and  x^  + x 

+.  _ . — . . . . — . . . — . . 

„ , = vli  I . VI: 

+ n 


auch  that  u (x  ) = v(x  ) . v(x  ) = lam  v(x  ) = lim  u' (x  ) *=  u (x  ) . 

n , n ■ n + 

x + X X + X 
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